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1.(20 pt) Computations. All matrices and linear equations are over the real
number field R. Write down the correct results of each question.

3 4 5
(1) (7 pt) Compute the inverse of [2 -3 1 [;
3 -5 -1

2 -1 3 -2 4
(2) (6 pt) Compute the rank of A= (4 -2 5 1 7|;

2 -1 1 8 2
(3) (7 pt) Describe the solutions of



2.(20 pt) Let V, W be finite-dimensional R-linear spaces. Fix a positive integer n.
Let aq,...,a, € V, and B4,..., B, € W. Prove that the following two statements
are equivalent:
(1) There is an R-linear map 7' : V' — W such that Ta; = 5; forall 1 <i < n.
(2) For any ci,...,cp € R, if Y77 | cjo; =0, then Y " | ¢;8; = 0.
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3.(20 pt) Let V, W be finite-dimensional R-linear spaces and let T': V' — W be a
linear map. For a subset U C W, denote T~1(U) to be the pre-image of U under
T, that is, T-Y(U) = {a € V | T(a) € U}.
(1) (2 pt) If W' is a subspace of W, show that T~1(W’) is a subspace of V.
(2) (4 pt) Given 2 subspaces W1, Wa C W. Show that T-1(W; + Wa) =
T_l(Wl) + T_l(WQ).
(3) (14 pt) Given 2 subspaces W1, Wy C W. Show that the following 2 state-
ments are equivalent.
(a) Wi NWyN R(T) = {0} and T is injective.
(b) dim(T~Y(W1)) + dim(T~1(Ws)) = dim(T~H(W; + Wha)).
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4.(20 pt) Given a positive integer n. A matrix A = [a;;] € R™*™ is called a
magic matriz if the sum of entries in each column and each row is a fixed number,
namely, > 7, ag; =Y p_;a; forall 1 <i,5 <n. A matrix A € R"*" is called a
permutation matriz if in each column and each row, there is exactly one entry to
be 1 and others are 0 (for example, the identity matrix I,,). Denote M to be the
set of all magic matrices in R"*", and P to be the set of all permutation matrices
in R™*™,

(1) (4 pt) Compute |P|.

(2) (8 pt) Compute the dimension of Span(M).

(3) (8 pt) Show that Span(M) = Span(P).



5.(20 pt) Let V be an R-linear space. Let T: V — V and S : V — V be invertible
linear maps such that 7-! =T and S~1 = S.

(1) (3 pt) Show that (T'— S)(T'+ S) = —(T + S)(T — 9).
(2) (3 pt) Show that (T + S)? + (T — S)? = 41, where I is the identity map.
(3) (14 pt) Show that

R(ST —TS) = R(T — S) N R(T + 5).

Here R(x) is the range of the linear map.
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