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1. (10 points) Let A =

-1 -2 0 T1 . -1
—1 0 2|;let x = |x2|; let by = [—1| and
-1 -1 1 T3 -1

(1) find all solutions of the system Ax = by;
(2) find all solutions of the system Ax = bs.
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2. (10 points) Let T : R® — R? be a linear transformation, given by the 3 x 3

matrix A:
1 -1 0
A=10 1 -1f.
-1 0 1

(B 88}

(1) show that 9B is a basis of R3;
(2) find [T)ss, which is a 3 x 3 matrix.
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(15 points)
0111
JLet A= | o 1| find det 4
1110
0 0 ¢
Ylet B= |1 0 ci1|, find its characteristic polynomial det(zl — B);
1 1 e

(3) Find an n x n matrix C so that its characteristic polynomial
det(z] — C) = 2" + cp_12™" 1 + - + 17 + ¢,

Prove it.



4. (15 points) Let T : V' — W be linear transformation between two finite
dimensional R vector spaces. Show that

dim Null(T") + dim Range(7") = dim V.
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5. (15 points) Let 7 : R? — R? be a linear transformation given by A = [(1) _11] ,

(1) we know ¢; = 1 is an eigenvalue of A; find the other eigenvalue co; further
for each eigenvalue c; and cs, find one of its associated eigenvector;

(2) write the minimal polynomial of A as p(z) = (z — c1)(x — ¢2); let pi(z) =
(z — ¢i). Show that each Null(p;(z)|z=4) is the span of one of the eigen-
vectors found;

(3) Following Theorem 12 of Section 6, we know that there are projections E;
and F5 : R?2 — R? so that

T =c1Ey + coFs.

Find the matrix forms A; and Aq, of E; and Fs, respectively; verify the
above identity.
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Let A be an n X n matrix. We know that the row space (resp. column space) of
A is the span of the row vectors (resp. column vectors) of A; the row rank of A
is the dimension of its row space, same to the column rank. Answer the following
question; when asked why, give a brief reason.
6. (17 points) Let A’ be derived from A via a sequence of row operations. Answer
the following questions:
(1) Are the row spaces of A and A’ the same? Do they have identical dimen-
sions? Why?
(2) Are the column spaces of A and A’ the same? Do they have identical
dimensions? Why?
(3) In case A’ is in Echelon form, how to read the row rank of A’? and how
to read off the column rank A’?



7. (18 points) Let T : R® — RS be a linear transformation, having characteristic
polynomial
f(@) = (z— 13z +1)3
Let Wy = Null((T' +I)3). Show that
(1) W_ and W, are T invariant, namely T'(W) C W;
(2) R =W_ o W,.
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