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1.(20 pt) Computations. Write down the correct results of each question.

3 -1 2
(1) (5 pt) Compute the inverse of |1 4 —3]|;
2 2 1
1 7 7 9
7T 5 1 -1
(2) (5 pt) Compute the rank of 4 9 —1 _3|i
-1 1 3 5

(3) (5 pt) Describe the solutions of
5x1 + 3x2 + dxs + 12x4 = 10;
2z + 2x9 + 3x3 + Sy = 4;
1+ Txo + 923 + 424 = 2.

1111
4 3 21
(4) (5pt) Let A= |1 4 1 1], find an invertible matrix P such that PA
5 1 11
1131

is a row-reduced echelon matrix.



2.(20 pt) Let V be an R-linear space. Consider two finite subsets S,T of V.
Suppose that S is linearly independent, and 7" spans V. Show that for any integer
0 < k < min{|S|, |T|}, we can find subsets Sy, C S, Ty, C T, such that |Sx| = |Tx| =
k and (T \ T}) U Sk spans V.



3.(20 pt) Let V be an n-dimensional R-linear space. Consider an R-linear map
T :V — V satisfying T? = —1I.

(1) (5 pt) Show that for any non-zero a € V, {a, Ta} is linearly independent.
(2) (10 pt) Show that we can find an ordered basis of V' of the form
{1, Tay,as, Tas,...,ar, Tag}.

(3) (3 pt) Write down the matrix of T relative to the ordered basis in (2).
(4) (2 pt) Show that any two matrices A, B € R™*" satisfying A2 = B% = —1I,,
are similar to each other.
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4.(20 pt) Let m,n, k, [ be positive integers. Consider two matrices A € R™*™ and
B € R**!, Consider the R-linear map T : R"** — R™*! defined by T(X) = AXB.
(1) (8 pt) Show that T is invertible if and only if m = n,k = [, and A, B are
invertible.
(2) (12 pt) Compute r(T') in terms of r(A) and r(B).

P
ul
p=i
~
ps
=
o
p=i
~—



5.(20 pt) Let V, W, Z be finite-dimensional R-linear spaces. Consider two linear
maps T :V —- W and U : W — Z. Prove that
(1) (10 pt) 7(UT) = r(U) if and only if there exists a linear map S: W — V
such that UT'S = U.
(2) (10 pt) r(UT) = r(T) if and only if there exists a linear map S’ : Z - W
such that S'UT =T.
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